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Abstract
It is explicitly shown using a Mathematica package that non-trivial com-
plex zeroes of the Riemann zeta function may exist which do not lie in the
critical line: Re s = 1/2. The generation of the location of these plausible ze-
roes, that may violate the Riemann conjecture, is based on the study of fractal
strings/branes moving in a Cantorian-Fractal spacetime. Since this result was
very strange we did a search for any possible bugs in the package. We found
that the package yields spurious zeroes without any warning when the vari-
ables are evaluated up to 16 decimal places. However when calculations are
performed up to 40 decimal places there is a huge discrepancy. Therefore it is
warranted that true analytical calculations be performed to verify without any
doubts whether these zeroes are spurious or not.
1. Introduction
Riemman’ s oustanding conjecture that the non-trivial complex zeroes of
the zeta function ζ(s) = must be of the form s = 1/2  iν; ν > 0, remains
one of the most outstanding open problems in pure Mathematics. Starting
from an heuristic study of the Index theorem associated with the dynamics
of fractal p-branes living in Cantorian-Fractal Spacetime E(1) [1] we present
explicit numerical evidence, up to 16 decimal places, for the plausible existence
of non-critical complex zeroes of the Riemman zeta function, which do not
lie in the critical vertical line s = 12  iν; ν > 0. This numerical evidence
suggests that the Riemann conjecture may be false. It remains to search for
an analytical proof that these zeroes obtained from a Mathematica package are
not spurious due to all sorts of unknown circumstances to us and that were
beyond our human control.
Since this result was very strange we did a search for any possible bugs in
the package. We found that the package yields spurious zeroes without any
warning when the variables are evaluated up to 16 decimal places. However
when calculations are performed up to 40 decimal places there is a huge discrep-
ancy. Therefore it is warranted that true analytical calculation be performed to
verify without any doubts whether these zeroes are spurious or not.
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We will be very brief in the introduction leaving all the details for later
and proceed to provide the explicit tables listing the location of these plausible
zeroes of ζ(s) outside the critical Riemann line. The construction of Cantorian-
Fractal Spacetime [1], E(1) contains an innite number of sets, E(i) where the
index i ranges from −1, +1. Such index labels the topological dimension of
the smooth space into which the fractal set is packed densely. For example,
the sand on the beach looks two-dimensional on the surface. This is due to a
coarse-grain averaging/smoothing of the underlying 3D-grains which comprise
it. In a similar vein the Haussdorf dimensions of the fractal sets packed densily
inside the smooth manifold of integer dimension can be larger than the actual
topological dimension of the space into which is being packed.
The best representative of this is the random back-bone Cantor set, E(0),
a fractal dust which is packed densely into a set of topological dimension zero
(a point), and whose Haussdorf dimension equals to the Golden-Mean φ > 0,
with probability one, according to the Mauldin-Williams theorem [2]. We set
the Golden Mean to be 11+φ = φ = (
p
5 − 1)/2 = 0.618.... Notice that our
conventions dier from those by Connes in his book [3]. He chooses for φ =
(
p
5 + 1)/2. We hope this will not cause confusion.
The negative values of the topological dimensions signify the degree of \empti-
ness" or voids inside E(1). The simplest analog of this is Dirac’s theory of holes
to explain the negative energy solutions to his equations (positrons/antimatter).
Negative Entropies and Negative dimensions [5] were of crucial importance to
have a rigorous derivation of why the average dimension of the world (today) is
very close to: 4 + φ3 = 4.236....
Negative probabilities and the Noncommutative properties of E(1) were es-
sential to explain the wave-particle duality of an indivisible quantum particle
traversing the Young’s double-slit [5]. The Noncommutative Geometry of the
von Neumann’s type associated with Cantorian-Fractal spacetime E(1) is the
appropriate geometry to formulate the New Relativity Theory [6] that has de-
rived the String Uncertainty Relations, and the p-branes generalizations, from
rst fundamental principles [7]. Moreover, such New Scale Relativity, an exten-
sion of Nottale’s original Scale Relativity [8], is devoid of EPR paradoxes [9]
and it explains the origins of the holographic principle [10].
In the rst part of section 2 we shall briefly discuss the basic features of
Cantorian-Fractal spacetime and heuristically postulate the xistence of Trace
formula linked to the Index of a fractal/discrete derivative operator. In the
second part of section 2 we present the locations of the plausible non-trivial
complex zeroes which do not lie in the critical Riemann strip: Re s = 1/2. In
section 3 we present the tables with the values of these possible zeroes.
2. Quantum Chaos and Index Theory in E(1).
.
Our motivation was sparked originally by the Qunatum counterpart of the
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classical chaos linked to the \billiard ball" moving on Hyperbolic surfaces (con-
stant negative curvature). As is well known to the experts the Selberg trace
formula is essential to count the primitive periodic orbits. The spectrum of
(minus) Laplace-Beltrami opearor on such Hyperbolic surfaces is linked to the
zeroes of the Selberg Zeta function. Knowing the Energy Eigenstates of the
Schro¨dinger equation allows to locate the location of the nontrivial zeroes of
the Selberg Zeta function. They also have the form of s = 1/2  ipn where
En = p2n + 1/4.
One of the most important features of the fractal/discrete operator is that it
has negative index as we shall intend to show. This is just a result of the nega-
tive dimensions/holes/voids of E(1). These voids behave like absorption lines in
the spectra of the Hamiltonian associated with the operator Dfractal. Connes
already gave a detailed analyis of the necessity for the trace to be negative
(absorption lines) to account for the zeroes of the zeta function [11].
Therefore, using Fractal Derivatives and/or Discrete Derivatives like they
occur in Quantum-groups, q-Calculus, and in p-Adic QM, and studying the
spectrum of fractal strings/branes in E1 spacetimes one may try to use the
analog of the celebrated Riemann-Roch theorem:
\Index00[Df ](E(s)) = \Trace00[D−sfractal] = ζ(s)  Euler(E(s)). (1)
where the space E(s) (where the Index is evaluated on) is some suitable inter-
section of a collection of Sets, or cycles of E(1):
E1 ^ E0 ^ E−1... ^ E−s+1. (2)
whose dimension is:
dim E(s) = 1.φ.φ2.φ3, ...φs (3)









Equation (4) is the explicit expression of the Euler number as a function of
the number of holes (genus of the fractal string). Notice that in the asymptotic
limit the alternating series converges exactly to: Euler(E(1)) = −φ < 0 !
which is a clear indication that Cantorian-Fractal spacetime is left-handed.
This asymmetry between right/left chirality is also very natural in Penrose’s
Twistor Theory.
Higher dimensional (than one) sets: dim = (1 + φ)k correspond to Fractal
p-branes, are those corresponding to the values of p = (1 + φ)k > 1. The sets of
negative topological dimension play the roles of holes/voids: they play the role
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of the higher genus surfaces in Cantorian-Fractal Spacetime. The backbone set
E0 will play the role of the fractal boundary associated with the fractal string
which is represented by an open subset of the normal set E1 whose dimension
is equal to 1. Such set is the fractal string which has for fractal boundary the
back bone set E0 and whose holes or higher genus \Riemannian surfaces" are
nothing but the rest of the sets of negative topological dimensions.
In (super) strings, the multi-loop scattering amplitudes depend crucially on
the suitable integrals over the (super) moduli space of the higher-genus surfaces.
The Selberg zeta function plays an essential role in providing proper counting
of the number of the primitive closed geodesics that tasselate the Hyperbolic
space, providing with a single cover of the (super) moduli space. This occurs
for genus higher than 1 (the torus).
The parameter k which denes the lower bound of the alternating sum for
the Euler number is nothing but the genus of the world-sheet associated with
this fractal “string” \living" in E1. A p-brane spans a p + 1 world volume
generated by its motion in time which accounts for the extra dimension: a
string spans a 2-dim world-sheet ; a membrane a 3-volume and so forth. We are
assuming the flow of time is smooth, not fractal, this is why we write p + 1. All
this is naturally related to the Statistical properties of Random Matrix Models
in lower dimensions in the large N limit; Irrational Conformal Field Theories:
irrational values of the central charges; the Monster Group, etc...
From an elementary numerical calculation of equation (4), we can see that
the Euler number of the multiple cycle-intersection E(s), as a function of the
powers of φk (the genus) oscillates about the Golden Mean. It is well known
that the distribution of primes oscillates abruptly like the spectral-staircase
levels in Quantum Chaos.
In the limit of innite-genus, the Euler number, the alternating oscillatory
sum will converge to the Golden Mean with a negative sign, consistent with the
nature of the absorption lines linked to the holes/voids/genus of the world sheet
of the fractal string. As remarked earlier, Connes emphasized the importance
that a negative value of the Index Theorem in Noncommutative Geometry
must have to understand the location of the zeroes of zeta function as absorption
spectral lines.
To sum up what has been said so far: Using fractal/discrete derivatives
which are the more appropriate ones for E(1) we make contact with the \Rie-
mann zeta" function associated with such Cantorian-Fractal spacetime. As said
previously, Discrete derivatives are very natural in the q-Calculus used in Quan-
tum Groups (Jackson’s calculus) and there is a deep relation between p-Adic
Quantum mechanics and Quantum groups as well.
The initial reasons why we believe a Trace formula may be valid in Cantorian-
Fractal spacetime besides the nding of the location of the nontrivial complex
zeroes outside the critical line Re s = 1/2. is the following argument, despite
the fact that we don’t get a perfect matching of numbers. But they are close.
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Looking at equation (4) for the rst entry associated with the triple cycle-
intersection of the three sets: E0; E1; E−1. we nd for the Euler number associ-
ated with the alternating sum of dimensions:







N+ −N− = −0.763932 < 0. (5)
The Euler number can be rewritten as:






) = φ3 − 1 = −0.763932 < 0 (6)
The dimension of the intersection of these three sets, intersection of three
cycles is:
dim(E(3)) = (1)(φ)(φ2) = φ3 = 0.236068. (7)
Now evaluate the \index" for this particular case:
\Index00[Dfractal](E(s)) = \Trace00[D−sfractal] = ζ(s = φ3) = −0.790068
 Euler(E(3)) = −0.763932 < 0. (8)
Notice how close our answer was: −0.790068  −0.763932. Although not a
perfect match, this is a good sign that we are on the right track. Looking down,
one can see that the numbers do not dier much.
The \Trace" in Noncommutative Geometry as Connes has emphasized many
times:
\Trace00D−sfractal $ volume of the space that has dimension = s. (9)
One must be very careful not to confuse the label \s00 with the label \(s)00 !!!
There are not the same. Only in the special case E(3).
To justify further this proposal, For example: Lets take now a look at the
quadruple intersection (for real dimensions):
The Quadruple intersection of four cycles:
dim E(4) = (1)(φ)(φ2)(φ3) = φ6 = 0.0557281. (10)
So evaluating the Euler number from the alternating sum/Betti numbers
from k = -2,-1, 0, 1:
\Index00 [Dfractal](E(4)) = ζ(φ6) = −0.55451  Euler[E(4)] = 2φ3 − 1 =
5
φ3 − (1− φ3) = N+ −N− = −0.527864 < 0. (11)
Notice once again that the numbers are not so far o
−0.55451  −0.527864 !
If one looks at the asymptotic innite genus limit, when the number of
intersections of the sets of negative dimensions goes to innity, the Euler number
(for real dimensions) converges to the Golden Mean. Therefore in the asymptotic
limit we have by looking at the last entries of our tables and at the limit of
formula (4):
ζ(0) = −0.50000000... Euler [E(infinity)] = N+−N− = 0−φ = −φ = −0.618033
In this limit: N+ = 0; N− = φ the space clearly is left/right chiral asym-
metric like Twistors!: the number of self dual modes is not equal to the number
of anti-self-dual ones...
The Quantum Field Theory associated with the geometrical excitations of
Cantorian-Fractal space time is related to a Braided-Hopf-Quantum-Cliord
Algebra: braided statistics, etc... The Cliord-lines in C-space (Cliord spaces)
are the Cliord-algebra valued (Hyper-Complex number-valued) lines which are
the extensions of Penrose Twistor based on complex numbers.
In this asymptotic limit the departure bewteen the ζ(dim E(1)) and the
Euler number is the greatest.
2.2 On a plausible Violation of the Riemann Conjecture???
We get approximate numbers but not exact. This has a simple explanation.
The zeta function for real values of s lying bewteen 0, 1: the zeta function
evaluated at real values of s = φ, φ2, φ3, ... is a slowly decreasing function while
the Euler number oscillates.
What can we do? The most natural thing is to evaluate the zeta function at
complex dimensions and check whether a perfect matching occurs. By a twist
of fate, it is in this fashion how we we will encounter these plausible non-trivial
complex zeroes which could disprove the Riemann Conjecture !
Start now with complex-valued dimensions:
ζ(φ + iν). ζ(φ2 + iν). ζ(φ3 + iν) ζ(φn + iν), ... (13)
where:




Notice that the critical zeroes of the Riemann zeta function: s = 12 + iν
lie exactly in the vertical line between the following vertical lines of complex
dimensions:
6





[φ+iν+φ2+iν] = s =
1
2
+iν  critical zeroes (14)
Let us foliate this critical strip (between φ and φ2) by an innite family of
horizontal lines passing throuch each single one of the imaginary parts of the
critical zeroes: the horizontal lines at iν will do the job. The critical strip is
comprised of the two vertical lines in the complex-dimension-plane which are
symmetrically distributed with respect the critical line: Re[s] = 1/2.
The \index" [Dfractal](E(s))] is evaluated now for a particular family of
complex dimensions of the spaces given by the triple cycle intersections of
E(1), E(0), E(−1):
1iν. ρ1 = φiν. ρ2 = φ2iν. ν  Imag [ζ(s) = 0] = Imaginary [ 12 +iν]
(15)
This will furnish precisely the algorithm to nd these plausible non-critical
complex zeroes that may violate The Riemann conjecture.
fζ [ (1 + iν)(φ + iν)(φ2 + iν) ]. ν > 0g
One must also add the complex conjugates.
What we will do is to perform the explicit computer search for the plausible
violations of the Riemman conjecture. Performing a sample computer run over
the rst 30 (later we tried up to 100) zeroes of zeta we encounter an astounding
result: We nd numerical evidence for unnown non-trivial complex zeroes of
ζ(s) = 0 which are not of the form s = 12  iν; ν > 0..
Therefore, based on this numerical evidence we are forced to conclude:
It is plausible that these values are truly nontrivial complex zeroes violating
the Riemann Conjecture
So we can see in black and white in our tables below, that the zeta function
evaluated at the complex dimensions of the triple intersections of the basic
cycles: S0, S1, S−1, generate a natural algorithm to nd nontrivial complex
zeroes which don’t belong to the critical strip: Re s = 1/2.
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3. TABLES with the fundamental Results
Table 1a
k label the zeroes in the critical line. νk are the imaginary parts of the zeroes
in the critical line. dim E(s) is the complex dimension of the space resulting
from the intersection of 3 cycles. ζ(dim E(s)) is the zeta function evaluated at
such complex dimensions.




myarg[k ,s ,t ]=Product[phi^(j*t)+I*c[k],j,0,s]
myfun[k ,s ,t ]=Zeta[myarg[k,s,t]]
N[myfun[3,2,1],40]
k νk dim E(s) ζ(dim E(s))
1 14.134725 −399.345 − 2806.51 i 5.565507 101059 + 1.3613737 101060 i
2 21.022039 −883.616 − 9264.2 i −4.612628 102801 + 9.318360 102801 i
3 25.010857 −1250.85 − 15614.5 i 0. + 0. i
4 30.424876 −1851.11 − 28125.9 i 0. + 0. i
5 32.935061 −2169.2 − 35684.6 i 0. + 0. i
6 37.586178 −2825.21 − 53052.3 i 0. + 0. i
7 40.918719 −3348.45 − 68461.3 i 0. + 0. i
8 43.327073 −3754.23 − 81281.6 i 0. + 0. i
9 48.005150 −4608.75 − 110568. i 0. + 0. i
10 48.005150 −4608.75 − 110568. i 0. + 0. i
11 52.970321 −5611.47 − 148562. i 0. + 0. i
12 56.446247 −6372.12 − 179778. i 0. + 0. i
13 59.347044 −7043.91 − 208951. i 0. + 0. i
14 60.831778 −7400.77 − 225033. i 0. + 0. i
15 65.112544 −8479.05 − 275973. i 0. + 0. i
16 67.079810 −8999.17 − 301756. i 0. + 0. i
17 69.546401 −9673.17 − 336289. i 0. + 0. i
18 72.067157 −10387.1 − 374204. i 0. + 0. i
19 75.704690 −11462.2 − 433785. i 0. + 0. i
20 77.144840 −11902.4 − 459019. i 0. + 0. i
21 79.337375 −12588.6 − 499285. i 0. + 0. i
22 77.144840 −11902.4 − 459019. i 0. + 0. i
23 84.735492 −14360. − 608305. i 0. + 0. i
24 87.425274 −15286.1 − 668099. i 0. + 0. i
25 88.809111 −15773.9 − 700333. i 0. + 0. i
26 92.491899 −17109.3 − 791131. i 0. + 0. i
27 94.651344 −17917.5 − 847853. i 0. + 0. i
28 95.870634 −18382.1 − 881046. i 0. + 0. i
29 98.831194 −19535. − 965222. i 0. + 0. i
30 101.31785 −20530.4 − 1.03993 106 i 0. + 0. i
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Table 2a
The same as Table 1a but the powers of the golden mean are φj , for j =
0,−1,−2.
k νk dim E(s) ζ(dim E(s))
1 14.134725 −1041.88 − 2704.23 i −1.6302517 102756 + 4.952731 102755 i
2 21.022039 −2309.72 − 9112.09 i −1.421181 107314 + 3.088042 107313 i
3 25.010857 −3271.15 − 15433.5 i 4.32781 1011101 − 2.051630 1011102 i
4 30.424876 −4842.65 − 27905.7 i −8.15333 1017675 + 2.00065 1017675 i
5 32.935061 −5675.42 − 35446.2 i −8.86328 1021302 − 7.07591 1021302 i
6 37.586178 −7392.87 − 52780.3 i 0. + 0. i
7 40.918719 −8762.73 − 68165.2 i 0. + 0. i
8 43.327073 −9825.1 − 80968. i 0. + 0. i
9 48.005150 −12062.3 − 110221. i 0. + 0. i
10 48.005150 −12062.3 − 110221. i 0. + 0. i
11 52.970321 −14687.4 − 148178. i 0. + 0. i
12 56.446247 −16678.8 − 179370. i 0. + 0. i
13 59.347044 −18437.6 − 208522. i 0. + 0. i
14 60.831778 −19371.9 − 224593. i 0. + 0. i
15 65.112544 −22194.8 − 275502. i 0. + 0. i
16 67.079810 −23556.5 − 301271. i 0. + 0. i
17 69.546401 −25321.1 − 335786. i 0. + 0. i
18 72.067157 −27190.2 − 373683. i 0. + 0. i
19 75.704690 −30004.7 − 433237. i 0. + 0. i
20 77.144840 −31157.3 − 458461. i 0. + 0. i
21 79.337375 −32953.8 − 498711. i 0. + 0. i
22 77.144840 −31157.3 − 458461. i 0. + 0. i
23 84.735492 −37591.3 − 607692. i 0. + 0. i
24 87.425274 −40016. − 667466. i 0. + 0. i
25 88.809111 −41292.9 − 699690. i 0. + 0. i
26 92.491899 −44789. − 790462. i 0. + 0. i
27 94.651344 −46905.1 − 847168. i 0. + 0. i
28 95.870634 −48121.4 − 880352. i 0. + 0. i
29 98.831194 −51139.6 − 964507. i 0. + 0. i
30 101.31785 −53745.6 − 1.0392 106 i 0. + 0. i
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Table 1b
The same as Table 1a, with calculations made internally with precision of
40 decimal places. Note the huge discrepancy when k  3.
k dim E(s) ζ(dim E(s))
1 −1041.88 − 2704.23 i −1.63025 102756 + 4.9527 102755 i
2 −2309.72 − 9112.09 i −1.42118 107314 + 3.08804 107313 i
3 −3271.15 − 15433.5 i 4.3278 1011101 − 2.05163 1011102 i
4 −4842.65 − 27905.7 i −8.1533 1017675 + 2.00065 1017675 i
5 −5675.42 − 35446.2 i −8.8633 1021302 − 7.0759 1021302 i
6 −7392.87 − 52780.3 i −4.2085 1029023 + 1.41380 1029024 i
Table 2b
The same as Table 2a, with calculations made internally with precision of 40
decimal places. Note the huge discrepancy when k = 6.
k dim E(s) ζ(dim E(s))
1 −1041.88 − 2704.23 i −1.63025 102756 + 4.9527 102755 i
2 −2309.72 − 9112.09 i −1.42118 107314 + 3.08804 107313 i
3 −3271.15 − 15433.5 i 4.3278 1011101 − 2.05163 1011102 i
4 −4842.65 − 27905.7 i −8.1533 1017675 + 2.00065 1017675 i
5 −5675.42 − 35446.2 i −8.8633 1021302 − 7.0759 1021302 i
6 −7392.87 − 52780.3 i −4.2085 1029023 + 1.41380 1029024 i
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Concluding remarks
Based on this numerical exercise, spurious zeroes were found when the precision
is up to 16 decimal places. Upon a closer scrutiny to 40 decimal places, a huge
discrepancy was found. The only change in our code consisted in replacing the value
of the Golden Mean N[5. ˆ (1./2.)/2.-1./2.,40] by N[5 ˆ (1/2)/2-1/2,40].
The explanation of this discrepancy is due to two internal bugs of the Mathematica
package, the first consisting of giving as zero a quantity whis is huge, without any
warning, and the second in evaluating N[5. ˆ (1./2.)/2.-1./2.,40] up to 16 decimal
places only instead of 40 as it should!.
Nevertheless we urge a rigorous analytical investigation of the behavior of the zeta
function at the following complex points (complex dimensions) to test the validity of
the Riemann Conjecture:
s = (1 iν)(φ iν)(φ2  iν). ν = Imaginary fs jζ(s) = 0g.




 iν). ν = Imaginary fs jζ(s) = 0g.
On a closing note, we honestly feel that Theoretical Physics in the next century
may dwell on the following partial list:
The New Relativity Theory $ Fractal p-branes in Cantorian Spacetime $ Irra-
tional Conformal Field Theory $ Number Theory $ Noncommutative (Nonassocia-
tive) Geometry $ Quantum Chaos (Quantum Computing) $ Quantum Groups $
p-Adic Quantum Mechanics.
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